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We analyze topological properties of the one-dimensional Bose-Hubbard model with a quasiperiodic super-
lattice potential. This system can be realized in interacting ultracold bosons in optical lattice in the presence
of an incommensurate superlattice potential. We first analyze the quasiperiodic superlattice made by the cosine
function, which we call Harper-like Bose-Hubbard model. We compute the Chern number and observe a gap-
closing behavior as the interaction strength U is changed. Also, we discuss the bulk-edge correspondence in our
system. Furthermore, we explore the phase diagram as a function of U and a continuous deformation parameter
β between the Harper-like model and another important quasiperiodic lattice, the Fibonacci model. We numeri-
cally confirm that the incommensurate charge density wave (ICDW) phase is topologically non-trivial and it is
topologically equivalent in the whole ICDW region.
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Introduction.— Various materials forming quasicrystals
have been studied for their unique physical properties.[1–5]
In recent years, topological phases have been a focus of con-
stant attention in condensed matter physics.[6, 7] A typical
example of topological phase is the integer quantum Hall ef-
fect, where quantized Hall conductances are proportional to
the Chern numbers.[8] The one-dimensional (1D) version of
a quasicrystal is a quasiperiodic lattice. The relation between
one-dimensional quasiperiodic systems and two-dimensional
topological insulators has recently been pointed out and ex-
perimentally confirmed by using optical waveguides.[9] This
idea provides a new point of view for both quasicrystals and
topological phases. Accordingly, detailed analysis for topo-
logical phases in quasicrystals is needed.
1D quasiperiodic models have theoretically been studied in
various contexts.[10–13] 1D quasiperiodic systems can be re-
alized not only by using optical waveguides, but also by us-
ing ultracold atoms.[14, 15] An important difference between
optical waveguide systems and ultracold atom systems is the
existence of tunable particle-particle interactions. In the op-
tical waveguide systems, photons do not interact with each
other, but in the ultracold atom systems, it is possible to in-
troduce and control the strength of interaction by using Fesh-
bach resonance.[16] Such advances have stimulated theoreti-
cal studies of 1D quasiperiodic systems with interaction.[17–
30] Kraus et al. showed that two different types of 1D qua-
sicrystals can be smoothly connected without gap closing,
which implies their topological equivalence.[31]
In this Letter, motivated by the theoretical and experimen-
tal advances described above, we consider a Bose-Hubbard
model with quasiperiodic modulation and analyze their topo-
logical properties. We define the model hamiltonian, which
gives the general definition of 1D boson quasiperiodic model
with on-site interaction. Then we introduce our methods for
numerical analysis of the model. We also give our definition
of the topological number in 1D quasiperiodic models. Af-
ter that, first the basic topological properties of the Harper-
type Bose-Hubbard model are shown. We discuss what hap-
pens as the interaction strength U or the approximation accu-
racy changes. Finally, we investigate whether a topological
equivalence between Harper-type and Fibonacci-type models
exists even in the interacting system. The phase diagram of
the Bose-Hubbard model against the parameter characteriz-
ing the quasiperiodic potential β and interaction strength U
is obtained and region where topological equivalence holds is
identified. A summary of our findings concludes this Letter.
Model Hamiltonian.— We investigate the topological
properties of the Bose-Hubbard model with quasiperiodic
modulation described by the Hamiltonian defined on an L-site
chain,
Hˆ(φ, β) = − t
∑
〈 j, j′〉
(
bˆ†j′ bˆ j + H.c.
)
+
∑
j
[
λV (φ, j) nˆ j +
U
2
nˆ j(nˆ j + 1)
]
,
(1)
in which bˆ†j (bˆ j) is the boson creation (annihilation) operator,
nˆ j = bˆ
†
j bˆ j is the particle number operator, t is the hopping
strength, λ is the modulation strength of quasiperiodic poten-
tial, φ is the phase of the modulation, U is the on-site interac-
tion strength, V (φ, j) are periodic functions of j with period
(2pib)−1. The hopping is introduced between neighboring sites
( j′ = j + 1, j = 0, . . . , (L − 2)), and also between the end sites
(( j, j′) = (L−1, 0)) with a phase factor eiθ for the bˆ†1bˆL term for
the twisted boundary condition (see below). In the following
we take t = 1 as the unit of energy.
Methods.— We apply the exact diagonalization and the
density matrix renormalization group (DMRG) method to nu-
merically obtain the many-body ground state of eq. (1) for a
given number N of bosons. In order to investigate the topo-
logical properties of this system, we analyze the effect of bo-
son number change in the open boundary condition and also
calculate the Chern number by introducing twisted boundary
conditions. The Chern number (with respect to (θ, φ)) is de-
fined as
C =
1
2pii
∫ 2pi
0
dθ
∫ 2pi
0
dφ
[〈
dΨ
dθ
∣∣∣∣∣ dΨdφ
〉
−
〈
dΨ
dφ
∣∣∣∣∣ dΨdθ
〉]
(2)
in which θ is the phase of the twisted boundary condition.
However, it is not possible to introduce twisted boundary con-
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FIG. 1. Energy gap plotted as a function of θ in [0, 2pi], φ = 0 plotted
for three strengths of the interaction U = 0.001, 0.12, 1.0; λ = 1,
(L,N) = (8, 3) for b = 3/8.
ditions on a finite system with a genuine quasiperiodicity, be-
cause a quasiperiodic system does not have translation sym-
metry. Thus, we approximate the irrational number b, which
characterizes the quasiperiodicity of the system, by a rational
number so that we may impose twisted boundary conditions.
We obtain the best rational approximations of the irrational
number b by using convergents of continued fraction repre-
sentations. For example, for
b =
3 − √5
2
= 1 − 1
1 +
1
1 + . . .
, (3)
the rational approximations will be 1/2, 1/3, 2/5, 3/8, 5/13,
and so on. Additionally, we have used the method for calcu-
lating the Chern number from the ground states for a discrete
set of values of (θ, φ).[32] In DMRG, we must use the same
basis for four values of parameters forming a rectangle in the
(θ, φ)-space to calculate link variables and lattice field strength
which is defined in Ref. 32.
Topological Properties of the Harper-type Bose-Hubbard
model.— 1D Bose-Hubbard model can be boiled down to
a one-particle problem of spinless fermions in the hard-core
limit (U = ∞) by using a Jordan-Wigner transformation such
as
bˆ†j = cˆ
†
j
j−1∏
n=1
eipicˆ
†
n cˆn . (4)
For the diagonal (Vod = 0) Harper-type modulation Vd (φ, j) =
cos(2pib j + φ), the new Hamiltonian is
Hˆ = −t
∑
〈 j j′〉
(cˆ†j′ cˆ j + H.c.) + λ
∑
j
cos(2pib j + φ)nˆ j, (5)
in which cˆ†j (cˆ j) is the fermion creation (annihilation) operator
and nˆ j = cˆ
†
j cˆ j. When b = p/q with coprime integers p and
q, which means that b is rational, the system is periodic with
a period q. In this condition, the energy band splits into q
bands. This band structure conforms with that of the electrons
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FIG. 2. The minimum energy gap ∆Eg in the (θ, φ) space plotted as
a function of U for t = 1, λ = 1. (a): b = 2/5, (L,N) = (5, 2).
(b): b = 3/8, (L,N) = (8, 3). (c): b = 5/13, (L,N) = (13, 5).
Uc ' 0.39, 0.27, 0.25 for (a), (b), and (c) respectively.
on square lattice under magnetic fields. When b is irrational,
the band structure will be a cantor set and every band gap has
a non-trivial Chern number.[33]
Now, we consider the case with a finite U. First, we approx-
imate the quasiperiodic system by a periodic system (see (3)).
When U is sufficiently large, the system is similar to a free
fermion system, and the gap energy will be close to the single
particle level separation at the Fermi level in the fermion sys-
tem. When U is sufficiently small, almost all of the particles
are in the one-particle ground state. Between these limits, we
observe that the energy gap between the ground state and the
first excited state closes for a certain choice of (θ, φ) at a num-
ber of values of U. The gap closing behavior is shown in Fig. 1
for an approximate system of b = 3/8. This result is consis-
tent with the results by Deng and Santos, in which topological
transitions are observed in the Bose-Hubbard model with a
periodic superlattice.[34]
What happens as we improve the approximation of the
quasiperiodicity in Eq.(3)? Fig. 2 shows ∆Eg, which is the
minimum of the energy gap between the ground state and
the first excited state, in the parameter range φ ∈ [0, 2pi), θ ∈
[0, 2pi) for b = 2/5, 3/8, 5/13. When the energy gap is zero
for a certain choice of (θ, φ), or ∆Eg becomes zero, the topo-
logical number is allowed to change its value. We define Uc
as the largest U when the gap closes. We also calculate the
Chern number. If U < Uc, the Chern number takes various
values often changing by multiples of L. However, if U > Uc,
for which the gap energy monotonically increases when U in-
creases. The Chern number remains C = 1 in all accuracies
b = 2/5, 3/8, 5/13. This indicates that it is topologically non-
trivial in the limit of quasiperiodic system (b→ (3 − √5)/2).
In non-interacting fermionic systems, topologically pro-
tected edge states arise when the Chern number is non-zero
and the system has an open boundary condition. This phe-
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FIG. 3. The difference between the particle density distribution of
the ground state of quasiperiodic Bose-Hubbard model with 34 sites,
b =
√
5−1
2 , φ = 2, λ = 1 and filling ν = 12/34, 13/34, 14/34, (a) U =
100 and (b) 1. Red, green, blue points respectively show the particle
density distribution nN( j) of N-particle systems for N = 12, 13, 14,
and purple and orange lines show the difference between them, d(N+
1,N) ≡ nN+1( j) − nN( j) for N = 12, 13.
nomenon is called the bulk-edge correspondence. In a 1D
quasiperiodic system, such a topologically protected state
arises as an end state, which is a localized state at the end
of the system. In contrast, in interacting bosonic systems, we
find that a non-trivial topological character appears in the par-
ticle density distribution. In our system, when the interaction
strength U is sufficiently large, such a localization can be seen
in the difference in the density distribution between the ground
states of different fillings, which is shown in Fig. 3, calculated
by DMRG in the open boundary condition.
The edge localization structure appears only in particular
ranges of φ. However, when U is small, such an edge local-
ization structure disappears. Despite the edge structure being
absent in whole range of φ, the Chern number remains non-
zero. This implies that the edge localization structure does not
have the same property as in the edge mode in non-interacting
fermionic systems. Similar non-local density difference has
been observed in the topologically non-trivial insulating phase
in a superlattice Bose-Hubbard system.[35]
Harper model and Fibonacci model.— Now we demon-
strate that the ground states of the Harper-type and Fibonacci-
type Bose-Hubbard models can be smoothly connected with-
out closing the energy gap ∆Eg when the interaction is moder-
ately strong. This implies that these two models are topolog-
ically equivalent. According to Ref. 31, we define a smooth
modulation
V(φ, j, β) =
tanh
[
β (cos (2pib j + φ) − cos (pib))]
tanh β
, (6)
which becomes a Harper (Fibonacci) type one in the limit of
β → 0 (β → ∞). Using this smooth modulation function, we
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FIG. 4. The minimum energy gap between the ground state and the
first excited state for the system of 13 sites with open boundary con-
dition, b = 5/13, U = 0.1, 1 and 10, λ = 1. When U is sufficiently
large, while β changes, the gap remains open and the topological
number is fixed. This implies that Harper-like Bose-Hubbard model
and Fibonacci-like Bose-Hubbard model are topologically equivalent
in large U region.
consider the Hamiltonian as follows:
Hˆ(φ, β) = − t
∑
〈 j j′〉
(
bˆ†j′ bˆ j + H.c.
)
+
∑
j
[
λV (φ + 3pib, j, β) nˆ j +
U
2
nˆ j(nˆ j + 1)
]
. (7)
We investigate the behavior of the energy gap ∆Eg while the
parameters β and U changes. Figure 4 shows the energy gap
∆Eg as a function of β. Since ∆Eg does not become zero
while β changes for U = 10, we conclude that the Harper-
type and Fibonacci-type Bose-Hubbard models are topologi-
cally equivalent. The gap-closing behaviors for smaller U are
different. When U = 1 and U = 0.1, ∆Eg becomes zero two
and six times respectively. This behavior is complicated and
sensitive to U. These gap-closing behaviors arise from finite
size effects in the superfluid phase as discussed later.
To investigate the phase diagram as a function of β and U,
we plot the energy gap ∆Eg and superfluid density ρs in Fig.
5. The superfluid (SF) density can be computed using twisted
boundary conditions:
ρs = 2piL
Eapbc0 − Epbc0
pi2
, (8)
which is defined in Ref.[17], where Epbc0 and E
apbc
0 are the
ground state energies for periodic (θ = 0) and anti-periodic
(θ = pi) boundary conditions. The SF density does not strongly
depend on φ. As β is changed, Uc changes its value. In the
Harper-type region (β ∼ 0), Uc ∼ 0.25 in this approximation
accuracy as we mentioned. However, in the Fibonacci-type
region (β ∼ ∞), Uc ∼ 1.55.
According to Ref.[17], in the Harper-type quasiperiodic
Bose-Hubbard model, there are three phases in the quasiperi-
odic Bose-Hubbard model when the particle number density
matches b, namely superfluid (SF), Bose glass (BG), and
incommensurate charge density wave (ICDW). Figure 5 (b)
shows the superfluid density. This suggests that SF phase
emerges at low U and low β region. At low U and high β re-
gion, the superfluid density is almost zero, but the energy gap
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FIG. 5. (a) The minimum energy gap and (b) the superfluid density
as a function of U and β computed for a system with (a) b = 5/13,
(L,N) = (13, 5), (a) b = 8/21, (L,N) = (21, 8). Superfluid density is
calculated for fixed phase φ = 0.
is very small. These properties conform with the BG phase.
The rest of the region (U > Uc(β)) is a gapful phase, which
is ICDW. The above results support that this phase has a non-
trivial Chern number C = 1, and that the whole ICDW region
is topologically equivalent.
Conclusion.— To summarize, we have considered a
quasiperiodic Bose-Hubbard model with interaction by using
exact diagonalization and DMRG. First, we have shown that
the energy gap of the Harper-type Bose-Hubbard model in-
creases as the on-site interaction strength U increases when
U > Uc (∼ 0.25t), and at the same time, topological num-
ber (Chern number) stays non-zero and constant. Also, while
the topological equivalence between quasiperiodic models
such as the Harper model and the Fibonacci model was only
known in non-interacting fermionic systems previously, here
we have shown that the topological equivalence exists also be-
tween interacting quasiperiodic systems, the Harper-type and
Fibonacci-type Bose-Hubbard models. The equivalence ex-
ists when U is moderately large, and the boundary of topo-
logically non-trivial phase has been revealed. Moreover, the
phase diagram as a function of β and U has been investigated.
The phase diagram includes superfluid, Bose glass, and in-
commensurate charge density wave.
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